Abstract. Fu, Hwang, Jimbo, Mutoh, and Shiue [J. Statist. Plann. Inference, to appear] introduced the concept of a grid-block design, which is defined as follows: For a v-set V , let A be a collection of r × c arrays with elements in V . A pair (V, A) is called an r × c grid-block design if every two distinct points i and j in V occur exactly once in the same row or in the same column. This design has originated from the use of DNA library screening. They gave some general constructions and proved the existence of 3 × 3 grid-block designs. Meanwhile, the existence of 2 × 3 grid-block designs was shown by Carter [Designs on Cubic Multigraphs, Ph.D. thesis, McMaster University, Hamilton, ON, Canada, 1989] by decomposing Kv into cubic graphs. In this paper, we show the existence of 2 × 4 grid-block designs.
Introduction. A graph G is a pair of sets (V, E)
, where V is a finite set, and E is a set of unordered pairs of elements of V . The elements of V are called vertices of G and the elements of E are called edges of G. If x and y are vertices of a graph G, we say that x is adjacent to y if there is an edge between x and y. K v is the graph with v vertices such that every vertex is adjacent to every other vertex. For a v-set V , let A be a collection of r × c arrays with elements in V . Each array in A is called a grid-block. For a graph G = (V, E), a pair (V, A) is called an r × c grid-block design with respect to G denoted by D r×c (G) if every two distinct points i and j in V such that {i, j} ∈ E occur exactly once in the same row or in the same column. We used the terminology "grid-block design" to avoid the confusion with the "grid design" defined by Lamken and Wilson [9] . Here we show an example of a D 3×3 (K 9 ). Example 1. The following two grid-blocks form a D 3×3 (K 9 ). 1 2 3 4 5 6 7 8 9 1 6 8 9 2 4 5 7 3
A grid-block design was introduced by Fu et al. [7] . It is easy to show the following necessary conditions for the existence of a D r×c (K v 
Combinatorial designs were used as an efficient way of group testing in fields such as medical science and pharmaceutical science (see Du and Hwang [6] ). Recently, a combinatorial design has come to be applied to DNA library screening to discover the required DNA sequences by testing every row and every column in a microtiter plate at the same time.
In DNA library screening, a popular group testing method is a two-stage test. In this method, every row and every column in a microtiter plate is tested at the same time in the first stage, and each individual segment with positive response is tested in the second stage. See Figure 1 .1 for demonstration. To reduce the number of tests and to improve the efficiency of experiments, several methods of screening have been studied by many authors.
Berger, Mandell, and Subrahmanya [1] evaluated the efficiency for the two-stage test from the point of view of information theory, while Fu et al. [7] introduced a combinatorial method based on a grid-block design. In this paper, we start with a recursive construction for a grid-block design. Then, by utilizing this recursive construction together with those given by Fu et al. [7] , we will prove the existence of 2×4 grid-block designs which satisfy the necessary condition v ≡ 1 (mod 32).
General constructions.
In this section, we prepare a proposition and lemmas to use in the next section. First, we define a block design. For sets of positive integers K and M , let V be a set of v points, let G be a partition of V such that each G has m points for m ∈ M , and let B be a collection of k-subsets (blocks) of V for 
We give a recursive construction by utilizing a group divisible design, group divisible grid-block designs, and grid-block designs. 
. , t−1} and V
* = (V ×T )∪{∞}. For each block B i of size k ∈ K, let (B i ×T, H i , E i ) be the ingredient design D r×c (K k (t)),
where E i is a collection of grid-blocks and H i is a family of group sets {{b
where F i is a collection of grid-blocks. We define another collection of grid-blocks
In fact, if two distinct elements x and y in V are not contained in the same group set G j , then x and y occur together exactly once in a B i . Hence (x, α 1 ) and (y, α 2 ) occur exactly once in the same row or in the same column of a grid-block in A 1 and do not occur in A 2 for any α 1 , α 2 ∈ T . Otherwise, two elements x and y in V are contained in the same group set G j including the case of x = y. In this case, (x, α 1 ) and (y, α 2 ) occur exactly once in the same row or in the same column of a grid-block in A 2 and do not occur in A 1 . Finally, ∞ and (x, α) for any x ∈ V and α ∈ T occur exactly once in the same row and in the same column of a grid-block in A 2 .
The existence of a 2 × 4 grid-block design.
In this section we apply the results obtained in the previous section to prove the following theorem.
Theorem 3.1. The necessary condition v ≡ 1 (mod 32) for the existence of a
This existence theorem is shown by utilizing a recursive construction. First, we give an existence of a group divisible design. Proof. According to Brouwer [3] , Brouwer, Schrijver, and Hanani [4] , and Beth, Jungnickel, and Lenz [2] , we know the existence of a GD[K, 1; M ; v] for any v ≥ 12 except for v = 18 and 19 as is listed in Table 3 .1 (see also Kreher and Stinson [8] and Mullin and Gronau [10] ). In Table 3 .1, the notation t u1 1 t u2 2 of a group type implies that V is divided into u 1 groups with group size t 1 and u 2 groups with group size t 2 . Downloaded 04/27/14 to 140.113.38.11. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Moreover, it is known that GD [5, 1, 4; 20] exists, which is obtained by deleting one parallel class of lines and five points on a line in the parallel class from AG (2, 5) . By deleting a single point of a GD [5, 1, 4; 
